Abstract. We define some pointwise properties of topological dynamical systems and give pointwise conditions for such a system possesses positive topological entropy. We give sufficient conditions to obtain positive topological entropy for maps which are approximated by maps with the shadowing property in a uniform way.
Introduction
Topological entropy is a quantity that measures the complexity of a dynamical system. In particular its positiveness implies some chaotic behavior of the orbits. Smale in [10] construct a Horseshoe which is an example of a dynamical system with positive entropy. Actually, a Horseshoe appears if there exists a transversal homoclinic point. In particular, this is used in hyperbolic dynamics, to show that any non-trivial hyperbolic basic set has positive entropy, see [8] .
Indeed, it is proved that any hyperbolic basic set has a Markov partition. Thus, it is semi-conjugated to a subshift of finite type. If this subshift is actually a full shift then it has positive entropy. So it is a natural question to decide when a dynamical system possess an invariant set semi-conjugated to a full shift. In this paper we give some sufficient conditions to show this using pointwise dynamics.
Some global dynamical properties can be obtained through analogous properties defined on points, this is what we call pointwise dynamics. For instance, transitivity can be obtained by the existence of a point with dense orbit.
Apart from the topological entropy, some well known dynamical properties are the shadowing property and positive expansiveness. The first one says that trajectories which allow errors are approximated by real ones. The latter says that different orbits must be apart in some future iterate. These properties were studied in the pointwise viewpoint. For instance, in [6] C.A. Morales gave the definition of shadowable point and proved that for compact metric spaces the shadowing property is equivalent to all points to be shadowable.
For expansiveness, In [7] , Reddy gives the notion of a positive expansive point. However, it is not clear that if any point is positive expansive then the map is positive expansive. Actually, this is false, as is remarked in section 5. However, it is possible to define uniform positive expansive points. Once more, if all points are uniformly positive expansive then the map is positive expansive, see section 2.
In this article (X, d) will be a compact metric space and f : X → X will be a continuous map. We also recall that a periodic point is a point with finite orbit. A MSC code: 37B40. Keywords: topological entropy, expansive and shadowing .A. A. was partially supported by CNPq, FAPERJ and PRONEX/DS from Brazil. E. R. was partially supported by CAPES from Brazil.
wandering point is point with a neighborhood such that it iterates never intersect it.
Using the above concepts and some of the methods developed in [12] we obtain our main result which can be stated as follows.
Theorem 1.
If there exists a non-periodic point x which is shadowable, uniformly positively expansive, non-wandering and non-isolated, then f has positive topological entropy.
In [5] , further expansive-like properties have been studied. Including the concept of n-expansivity and countable-expansivity. The first one, allows at most n different orbits to be close, and the second one allows at most countable different orbits to be close. It is possible to give pointwise definitions of these properties, as in section 2. We can modify our arguments to obtain the following results. We remark that our methods can be used to obtain similar results for homeomorphisms, using expansivity instead positive expansivity.
In [2] , it is given an example of a 2-expansive map which is not expansive. As an application, we show that this example has positive entropy even that the base space has topological dimension zero. See section 5.
Finally, we give other sufficient conditions to obtain positive entropy if the dynamics is approximated by some maps with the shadowing property in a uniform way.
Theorem 5. Let f n : X → X be a sequence of non-wandering maps converging uniformly to a map f . Suppose that f n has the uniform shadowing property. Then f has positive entropy.
For this, we use Moothathoo's methods in [11] to obtain an entropy point. We also give and use a slight improvement of a result due to Fedeli and Le Donne in [4] .
Preliminaires
In this section we give precise definitions of concepts used in the statements of the results.
Let (X, d) be a metric compact space and f : X → X be a continuous map.
Topological Entropy
Let V be a subset of X. A set E ∈ V is a (n, ε)-separated set if for every x = y, with x, y ∈ E there exists some 0
The topological entropy of f is the following quantity
This limit exists, see [13] . Analogously, a point x is called an entropy point if for every closed neighborhood V of x
Obviously, the existence of an entropy point guarantees that f has positive topological entropy,
The shift map Let Σ be set of the unilateral infinite sequences of zeros and ones.
It is well known that this map has topological entropy equal to log 2.
Expansiveness
We say that a map is positively expansive if there exists e > 0 such that, if
The number e is called the expansiveness constant of f .
In [7] was given the following pointwise definition for expansiveness.
We say that a point x is a positively expansive point if there exists a constant
However, as we shall see in section 5, even that all points are we can not to ensure the expansiveness of the map f .
This motivate us to define what we called uniformly expansive point.
We say that a point x is a uniformly positively expansive point if there exists an neighborhood U of x and a constant
In this direction, we define the following: We say that a point is uniformly positive n-expansive, if there exist a neighborhood U of x and e > 0 such that the cardinality of the set
is at most n. Similarly, we say that a point x is uniformly positive countable-expansive if there exist a neighborhood of x and e > 0 such that for every y ∈ V the set {y ∈ X; sup
is countable.
Proposition 6. A map f is positively expansive if, and only if , every point is positively uniformly expansive.
Proof. Obviously, we just need to prove the converse. If every point of X is uniformly positively-expansive, then we can cover X with a finite number of open sets U x1 , ..., U xn given by the expansiveness of x 1 , ..., x n . set e = min{e x1 , ..., e xn , η}, where η is the Lebesgue number of the covering. Clearly e is a expansiveness constant for f .
The previous proposition allow us to recover expansiveness by its uniform pointwise version. We remark that the previous proof applies to the n-expansive and countable expansive case.
We say that a map f : X → X has the shadowing property if for every ε > 0, there exists δ > 0 such that any ε-pseudo orbit is ε-shadowed by some point in X.
We say that a point is shadowable if for every ε > 0 there is a δ > 0 such that every δ-pseudo-orbit {x n } n≥0 satisfying x = x 0 is ε-shadowed.
We say that a sequence of maps f n : X → X has the uniform shadowing property if every f n has the shadowing property and if given ε > 0, all maps f n have the same shadowing constant δ related to ε.
Proof of Theorem 1
Let x be a non-periodic, non-wandering, uniformly positively-expansive and shadowable point. Let U be a neighborhood of x. Since x is uniformly expansive, there are e > 0 and an open neighborhood V of x such that for any pair of points y, z ∈ V , there exists l such that
given by the ε 2 -shadowing through {x}. Since X is compact, f is uniformly continuous and therefore there is 0 < η < δ such that d(f (y), f (z)) < δ when d(y, z) < η.
Claiming: There exist k and two distinct points a, b ∈ U such that f nk (a), f nk (b) ∈ U for every n.
Since x is a non-periodic non-wandering point, we shall divide the proof of the claiming in two cases. 1) If x is a recurrent point, then there exists
} is an open neighborhood of x and therefore there exists m 2 such that f m2 (x) ∈ W . Let x a = f m1 (x) and
} is an open neighborhood of x, then there exists m 3 > m 2 + l such that f m3 (x) ∈ W ′ . From a similar argument we can find m 4 > m 3 such that f m4 (x) = f m3 (x) and
Consider the sets
Thus the above sets are δ-pseudo orbits through {x}. The shadowableness of x implies that there exist a and b that ε 2 -shadows A and B respectively.
Thus f l (a) = f l (b) and therefore a = b.
2) If x is not a recurrent point there are x a ∈ B η (x) and k 1 such that x a = x and f k1 (x a ) ∈ B η (x). Since x is not isolated, the set W = B η (x)\{x a , f (x a ), ..., f k1 (x a )} is an open neighborhood of x. Thus there are x b and k 2 such that f k2 (x b ) ∈ W . Now, we proceed in the same way as in the case 1) to obtain the points a and b and this proves our claiming.
Let a, b given by the claiming and consider the sets B 0 = B ε (f l (a)) and
denote the space of the sequences of zeros and ones endowed with the standard metric. For each s = (s i ) i∈N ∈ Σ define the set Y s := {y ∈ B ε (x); f ki (y) ∈ B ε (x) and f ki+l (y) ∈ B si , ∀i ∈ N and l = 0, . . . , k − 1}. We claim that Y s is non empty for every s. indeed, fix s ∈ Σ. Define the following δ-pseudo-orbit through {x}
Then the shadowing through {x} gives a point y s that ε-shadows A s and therefore Y s is non-empty.
Fix s ∈ Σ and let (y j ) j∈N ∈ Y s be a sequence of points converging to y s . Then for every i we have f ki (y j ) ∈ B η (x) and f ki+l (y j ) ∈ B si for every j. The continuity of f ki and f ki+l implies that f ki (y j ) → f ki (y) and f ki+l (y j ) → f ki+l (y). Therefore f ki (y) ∈ B η (x) and f ki+l (y) ∈ B si . Thus Y s is closed for every s ∈ Σ. Set Y = s∈Σ Y s . Let (y n ) n∈N ∈ Y be a sequence of points in Y converging to a point y. Thus for each y n there is an s n such that y n ∈ Y sn . By compacity of Σ we can assume that s n → s, up to take a subsequence of (s n ). Thus y must to belong to Y s . Indeed, since f ki (y n ) ∈ B ε (x) for every i, we have that f ki (y) ∈ B ε (x) for every i. Now, let s = (s j ), and fix s i . For n large enough, we have that (
Therefore Y is closed. Next we are going to show that Y is f k -positively invariant. Indeed, take y ∈ Y . Then there exists s such that y ∈ Y s . Thus f ki (y) ∈ B η (x) and f ki+l (y) ∈ B si for every i. If we apply f k on y, we obtain that f k(i+1) (y) ∈ B η (x) and
Now we will construct a semi-conjugacy between the subsystem (Y, f k ) and the two symbol shift (Σ, σ). Indeed, consider the map Π : Y → Σ defined by Π(y) = s if y ∈ Y s . Since Y s is non-empty for every s, Π is a surjection. Furthermore, by the above discussion Π(f k (y)) = s ′ = σ(Π(y)). Thus Π satisfies the conjugacy equation. The continuity of Π follows by an argument analogous to the one used to prove that Y is closed.
We notice that the above semi-conjugacy, actually is a conjugacy. Indeed, each sequence s in Σ can has only one pre-image. If the shadowing property could create more than one shadow for the δ-pseudo orbit related to s, then they must to be the same, by expansiveness.
Thus (Y, f k ) is conjugated to the two symbol shift and therefore kh(f
Proof of Theorems 2 and 3
Next we will prove the theorems 2, 3 and corollary 4. We the previous proof to the current case.
Suppose x is not an isolated point. We can find any finite amount of points which behaves in a way similar to the a and b on the previous proof. Now suppose f is n-expansive. Then the previous remark give us a 1 , ..., a n+2 ∈ and k ∈ N such that f nk (a i ) ∈ U for every n. Since f is n-expansive, if we fix a i then there exists some
10 for some m. Then we proceed in the same manner as in the proof of theorem 1 to prove theorem 2 . The only difference here is that the map Π is now a semi-conjugacy, but it is enough to ensure the positiveness of the topological entropy of f .
To prove theorem 3 we proceed as in the previous proof, the only difference is that the existence of y 1 and y 2 is guaranteed by the fact of every neighborhood of x 1 and x 2 is uncountable.
We finally give a proof for Corollary 4. Since X is compact, then the periodic points of f must to accumulate in some point x. Since f is a expansive map with the shadowing property, then x is shadowable and expansive. Now x is a nonwandering point, since it is accumulated by periodic points. x could be a periodic point, but it does not matter. Indeed, by the proof of theorem 7 we just need to find two distinct points with returns to U , then we just take any two distinct periodic points in U . Hereafter the proof is analogous to the the proof of theorem 1.
Carvalho-Cordeiro's example
In [2] , Carvalho and Cordeiro give an example of a non-expansive but 2-expansive homeomorphism. Briefly, they start with a homeomorphisms f : (X, d) → (X, d) which is expansive, has the shadowing property and dense periodic orbits {O n } n≥0 . Then they add copies of these periodic orbits, obtaining a new compact metric space
Also, the new map g : Y → Y is equal to f on X and it is periodic in each O ′ n . This implies that for any ε, if 1/n < ε then the dynamical ball over O n has two orbits. Thus it is non expansive but is 2-expansive.
However, for any n, the orbits O n and O ′ n are 1/2n-expansive points. The other points are clearly expansive, since f is expansive. Thus, this example shows that even if any point is expansive the dynamics do not be necessarily expansive.
Finally, Corolllary 4 implies that f has positive entropy. Thus g has positive entropy also.
Uniform Shadowing
The following lemma slightly improves the result in [4] where it is assumed that δ n (ε) = ε for every n.
Lemma 7. Let X be a compact metric space and let f n : X → X be a sequence of continuous functions converging uniformly to a map f . Suppose that f n has the uniform shadowing property. Then f has the shadowing property.
Proof. Fix ε > 0. Since f n has the uniform shadowing property, chose δ > 0 such that every n and every δ-pseudo orbit for f n is ε 3 -shadowed by some point y n . We will show that every δ 2 -pseudo orbit for f is ε shadowed. Let {x i } be a δ 2 -pseudo orbit of f . We claim that {x i } is a δ-pseudo orbit for f n if n is sufficiently large. Indeed, since f n converges uniformly to f , there
Uniform shadowing implies that for every n ≥ N 0 there exists a point y n such that d(f i n (y n ), x i ) ≤ ε 3 for every i. Let (y n ) n≥N0 be the sequence of such points. Since X is compact we can assume that y n converges for some point y ∈ X. We claim that y ε-shadows {x i }. Indeed, we have
if we chose n sufficiently large. Therefore, d(f i (y), x i ) ≤ ε for every i. Thus f has the shadowing property.
We say that a map is non-wandering if every point in X is a non-wandering point.
We say that map is chain-recurrent if for any ε and any point x, there exist a finite ε-pseudo orbit {x 0 , ..., x n }, such that x 0 = x n = x. It is easy to see that that any non-wandering map is chain-recurrent, and any chain-recurrent map with the shadowing property is non-wandering. Lemma 8. Let X be a compact metric space and f n : X → X be a sequence of nonwandering maps converging uniformly to a maps f . Suppose f n has the uniform shadowing property. Then f is non-wandering.
Proof. Since f n non-wandering, then it is chain-recurrent for every n. In the proof of previous lemma, we see that any ε 2 -pseudo orbit of f n is an ε-pseudo of f , since n is sufficiently large. Then f is chain-recurrent and has the shadowing property. Therefore f is non-wandering.
In [5] the author proved that if X is connected and f is non-wandering and has the shadowing property then it is topologically mixing.
Proof of theorem 5
By lemma 8 f is non-wandering. Since X is connected, f is topologically mixing. Therefore, f is sensitive to initial conditions. Thus f is a non-wandering map, with the shadowing property and a sensitive point. Therefore f has positive topological entropy (See [11] ).
Remark : We remark that we can prove in the manner as in lemma 8, that the uniform limit of a sequence of topologically transitive or topologically mixing maps with the uniform shadowing property, is topologically transitive or mixing respectively.
